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Al :mtract- -A comprehensive and systematic study is presented to derive stability properties of 
various two-level, six-point finite difference schemes (in particular, difference schemes of Pad~ type) 
for the approximation to the constant coefficient convective-ditfusion equation. First, the modified 
equivalent partial differential equation (MEPDE) for a general six-point difference scheme is derived. 
The MEPDE provides direct information on the order of accuracy of a difference scheme. The 
von Neumann and matrix methods are then employed to deduce the necessary and sufficient conditions 
for the numerical stability for the six-point difference schemes. An unified technique is developed 
to find the stability regions for the difference schemes. Some new second and third order six-point 
difference schemes for the approximation f the constant coefficient convective-diffusion equation are 
presented. 
INTRODUCTION 
Many physical processes can be modeled by the following constant coefficient convective-diffusion 
equation with prescribed initial-boundary conditions 
8T OT 02T 
0-7 + u ~ = 70x2,  
Initial condition: T(z, O) = f (z )  
Boundary conditions: T(O,t) = gl(t) and 
O<z<L,  t>O. (1) 
(2a) 
T(L,t) -- g2(t). (2b) 
It is assumed that u is real and 7 is real positive. There has been substantial iterature on the 
stability analysis of finite difference schemes for the convective-diffusion equation [1-11]. In this 
paper, we consider the following two-level, six-point finite difference scheme 
• 7? .+1 b0 ~r~ b_l , al~j++l I "Jr" ao~j  "{'1 -["a-1 j -1  = bl~j-I-1 + "st" ~ j -1  (3) 
which approximates Equation (1) on a uniform grid system ( jAz,  nat) ,  j = 0, 1 , . . . ,  N, where 
NAz  -- L and n - 0, 1,2, . . . .  Here Az and A~ are called the stepwidth and time step, respec- 
tively, and ~ is the finite difference solution which approximates T( jAz ,  nat). The coefficients 
al, a0, a - l ,  bl, b0 and b-1 are real. Since only derivative terms appear in Equation (1), a trivial 
solution for T(z, t) is the constant solution. From this property, we obtain the minimal condition 
for consistency 
al  +a0 -I- a -1  ---- bl +b0 +b-1  - 1. (4) 
Typeset by .A~S-T~ 
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Hence, there are only four independent parameters in the difference scheme (3). In the subsequent 
stability analysis, it is convenient to use the following parameters 
so that 
a ,  = a l  + a - i ,  (5a)  
ad - -  a l  - -  a- l ,  (5b) 
ao  = 1 - a , .  (5c )  
Similarly, we define 
b, = bl + b_ 1, (6a) 
ba - bl - b_x (6b) 
and so b0 - 1 - b,. (6c) 
The computation represented by the difference scheme (3) can be written in matrix form as 
AT n+l + a = BT"  + b, (7) 
where 
T n = [T~I , . . .  ,~N_ I ]  T, 
a : [a_x gi((n + 1)At), 0 , . . . ,  0, al g2((• "{- 1)At)] T , 
b = [b_l gl(nZxt), 0, . . . ,  0, bl g2( ,~t ) ]  T 
and the matrices A and B are 
a0 al 1 a_ 1 a0 al A = a-1 a0 al 
°.. °° 
a_l a0 
B = 
bo bx ] 
b_x bo bx 
b-1 bo bl 
".. ".. 
b_l bo 
Stability of the Inversion of a Tridiagonal Matrix 
(N-1)x(N-1) 
(N-I)x(N-I) 
(s)  
The solution for T n+l involves the inversion of the tridiagonal matrix A. It is well known [12] 
that the inversion procedures are stable provided that the matrix A is diagonally dominant, hat 
is, 
211 - a,I >_ la. + adl + [a, -- "d[ (9) 
and both a-1 and al are non-zero. 
Modified Equivalent Partial Differential Equation 
To evaluate the order of accuracy of the difference scheme (3) for approximating the differential 
equation (1), we find the modified equivalent partial differential equation (MEPDE) for the 
difference scheme. The MEPDE is derived by the Taylor series expansion of each term of the 
finite difference scheme about the gridpoint ( jAz ,  nAt) and then eliminating the time derivatives 
higher than first order, and all mixed time and space derivatives. The procedure of obtaining 
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MEPDE can be found in the works by Warming et al. [13] and Noye et ai. [14]. The MEPDE of 
the finite difference scheme (3) is shown to be 
Az  OT 
+ (ad -- bd) At  Ox 
(b. - as )  - (b~ - a 2) ,'Xx ~ O~T 
2 At Oz 2 
(bd-- ad) + 3(adaa -- bdbo) + 2(b~- a~) Ax  3 OaT + 
6 At Ox 3 
+ 2(a~ - b~) - (a° - b,)[1 - 3(a° + b°) + 4(a,~ + adbd + b2)] 
AX 4 04T 
At OZ 4 
24 
- -  + higher order spatial derivatives. 
(10) 
A finite difference scheme is said to be of mth order accurate, if its corresponding MEPDE agrees 
with the given partial differential equation up to the mth order spatial derivatives. Since there 
are four independent parameters in the difference scheme (3), the optimal order of accuracy for 
the difference scheme is not more than the fourth order. 
VON NEUMANN STABILITY ANALYSIS OF D IFFERENCE SCHEMES 
A standard yon Neumann stability analysis tudies the development of a Fourier component. 
The finite difference scheme (3) admits a solution of the form 
7~ = A"(k) e ik~ax. 
Substituting relation (11) into the difference scheme (3) gives 
An+t(k) (at e i~Ax + ao + a-1 e -ikA~) = A"(k)  (bl e ikAz + bo + b-t e-ikA~) . 
The growth of the Fourier component is governed by the amplification factor 
G(k) -  An+l(k) 
An(k) 
From Equation (12), we have 
(11) 
(12) 
(1 - b~) + b~ cos kmz + ibd sin kAz 
a(k)  = ~ -- ~)  "+ ao coskAx + iaa sin kAx" 
The strict yon Neumann condition for stability is that 
(13) 
Ie(k) l  1 (14) 
for 0 < kAx  <_ ~r. Using Equation (13), the von Neumann stability condition (14) becomes 
Psin2 ( -~)  +O >_ 0 (15) 
where  P = (a ,  2 2 2 2 +bd)--(ad+bs) and Q = (bs -a , )+(a2-b] ) .  For 0 _< kAx <_ lr, the inequality (15) 
is equivalent to the combination of 
P + Q = (a, - b,)(as + b, - 1) _> 0 and (16a) 
¢ = (b, - a , )  + - _> 0. (16b) 
SECOND ORDER FINITE D IFFERENCE SCHEMES 
To find a two-level six-point difference scheme which approximates the constant coefficient 
convective-diffusion equation (i) to second order accuracy, we equate the coefficients of the spa- 
tim derivatives of the MEPDE (10) with that of the differential equation (1) up to the second 
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order derivative. The matching of the coefficients gives two conditions for the four independent 
parameters: a,, ad, b, and bd. The two conditions are 
A~ 
(ad --  bd) ' -~  -~ U, (b, - -  a,) - (b 2 -  a~) Ax 2 
2 At =7.  
(17a) 
(17b) 
In terms of the non-dimensional parameters: Courant number c = uAt/Ax and diffusion param- 
eter p = 7At/Ax 2, the two conditions (17a)-(17b) can be expressed as 
ad --  bd = c and 
(b, - a , )  + - = O = 2p  
(18a) 
(18b)  
From Equation (18b), one observes that a second order accurate scheme automatically satisfies 
inequality (16b) since p > 0. Therefore, a second order difference scheme becomes table in the 
von Neumann sense, if and only if 
(a, - b,)(a, -}- b, - 1) > 0. (19) 
Then a, and b, can be considered as free parameters. From Equations (18a) and (18b), the other 
two parameters ad and bd can be expressed in terms of a,, b,, c and p as follows: 
(a, - b°) + 2p + c ~ 
ad = 2C ' (20a) 
bd= (a ' -b ' )+2p-c2  
2c (20b) 
In the a,-b, plane, the region of stability is represented by the shaded wedges in Figure 1. For 
example, the Crank-Nicolson scheme, which corresponds to a, = -p  and b, = p, is easily seen 
to be unconditionally stable since the point ( -p ,  p) always lies inside the region of stability (see 
Figure 1). 
\ 
/ 
b$ 
/ \ 
~ as=bs 
\~a~ 
as + bs = 1 
Figure 1. The region of stability of any six-point scheme, represented by 
(a~ - b~)(as + bs - 1) > O, consists of two shaded wedges bounded by the lines 
as = bj and as + bs = 1. The llne a~ = -bs ,  bs ~ O, represents the Crank-Nicolson 
scheme and it lies completely inside the stability region. 
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Actually we can generate different families of stable schemes in the yon Neumann sense, pro- 
vided that the choices of values for a, and b, are always within the shaded wedges in Figure 1. 
An example for such family is given by 
a, - b, = -2p, (21a) 
a, + b, = 2pp, 2pp <_ 1, p is real. (21b) 
The locus of (a,, b,) on the a,-b, plane is a straight line parallel to the line a, + b, = 1 and inside 
the left wedge. The corresponding difference scheme is of the form 
,',t L + j 
1 -p  
= 2 7 Az  2 Az  2 (22) 
The Crank-Nicolson scheme corresponds to the case where p = 0. 
Though the difference scheme in Equation (22) is stable in the yon Neumann sense, the overall 
computation is stable provided that the resulting set of linear algebraic system can be solved in 
a stable manner. From Equation (9), the condition for matrix A being diagonally dominant for 
scheme (22) is given by 
(23) 
For p < 1, Figure 2 shows the corresponding stability region in the p-e plane, given by 2pp <_ 1 
and inequality (23), such that scheme (22) is yon Neumann stable and the inversion of the 
tridiagonal matrix is stable. The stability region for the other case where 1 < p < 1/(2p) can be 
considered similarly. 
c -2  gffi 2(1 -p) 
,I// , 
Figure 2. The region in the #-c plane for p < 1 such that scheme (22) is yon Neumann 
stable and the corresponding inversion of the trldiagonal matrix is also stable. 
Padd Schemes 
The method of line or semi-discretization [15] approximates the convective-diffusion equation 
by a system of ordinary differential equations of the form 
dT(t) = M T(t) + e(t), (24) 
dt 
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where T(t)  = [T(Az, t ) ,T (2Az,  t ) , . . .  , T ( (N-  1)As,t)] and M is a tridiagonal (N -  1) x (N-  1) 
matrix. Here c(t) is an (N - 1)-component vector which arises from the boundary values. The 
boundary values can always be eliminated if we are concerned with the stability analysis of a 
difference scheme. For simplicity, we take c = 0; then equation (24) can be expressed in the 
equivalent form 
T(t  + At) = exp (At M)T(t ) .  (25) 
Six-point Pad6 difference schemes arise when we approximate xp(AtM)  by the (1-1) Pad6 
approximant of the form 
I + al A rM 
eAtM ~ I + ~2 ArM'  ~xand ~2 are scalars, (26) 
where a l  - as = 1. Note that the matrices I + a lArM and I + a2AtM share the same set of 
eigenvectors. We may identify I + a lArM and I + a2AtM as the matrices A and B respectively 
in Equation (7). One infers that A and B share the same set of eigenveetors if and only if 
as bs 
ad -- bd" 
In such case, the eigenvalues of A- IB  are found to be 
(27) 
In the limits, when a, >> 1 and b, >> 1, the eigenvalues approach ba/aa. 
To search for second order accurate and von Neumann stable difference schemes of Pad6 type, 
we seek the set of parameters as, ad, bs and bd such that 
( i) ad - -  bd = c (29a) 
( i i )  (bs - as )  + - = (29b)  
(iii) a--2-' = bs 
ad bd (29c) 
(iv) (a, - b,)(as + bs - 1) > 0. (290) 
Using Equations (29a)-(29c), we can express bd in term of as as follows: 
bd ---- (2/t -- 3e 2) 4- ~/(c 2 -I- 2/*) 2 + 8e 2 as 
4c (30)  
It is preferable to choose as such that the quantity (c 2 + 2p) 2 + 8c2a, is a complete square and 
that inequality (29d) is satisfied. An obvious choice is given by as = 0, which gives bd = --c or 
p/c -- c/2. The first case gives the set as = 0, ad "- 0, bs = c 2 + 2p and bd = --c, which is simply 
the Lax-Wendroff scheme [16]. The explicit Lax-Wendroff scheme is known to be conditionally 
stable only. The second case gives the set as = 0, ad = p/c + c/2, bs = 0 and bd = p/c -- c/2. 
However, the MEPDE of the scheme becomes 
cgT cgT c92T(~u u s ) 
o~t +U~'x  =7"~'x2 +~Ax2+] - -~Af  2 °q3T - ~ +. . . ,  (31) 
which is inconsistent with the linear convective-diffusion equation. 
To search for non-zero values of as, we assume as to be of the form 
a, = rp + s c 2, (32) 
where r and s are determined such that (c 2 + 2p) 2 + 8c2(rp + sc 2) is a complete square. This 
occurs when s = r(r  + 1)/2. First, we consider the two simple cases 
(a) r = 0, which leads to as = 0, giving again the Lax-Wendroff scheme; 
(b) r = -1 ,  which gives a, = -a .  
I -b ,  1 -  1 - \~]  cos 
= j = 1, 2 , . . . ,  N - I. (28)  
1-o .  
\a , /  
Stability analysis of six-point finite difference schemes 
Case (b) is just the Crank-Nicolson scheme. Though the Crank-Nicolson scheme is uncondition- 
ally stable, it exhibits the unpleasant oscillatory behavior when the time step At is taken to 
be too large [17]. Such oscillatory behavior can be predicted by the earlier argument that as p 
grows larger, the eigenvalues of A-IB approach as/bs - -1 (recall that a, = -b~ - -a  for the 
Crank-Nicolson scheme). It is postulated that an unconditionally stable scheme whose point of 
representation of (a,,b,) lying on the second or the fourth quadrants in Figure 1 may exhibit 
oscillatory behavior with the large time step. 
For a, = r# + [r(r + 1)/2]c 2, r 7t 0 and r ~t -1,  the corresponding value of b, can be either 
rp + [r(r - 1)/21c 2 or (r + 2)p + [(r + 2)(r + 1)/2]c 2. 
(a) For the first case where b, = rp + [r(r - 1)/2]c 2, the corresponding difference scheme is of 
the form 
l ( r~_  1 c 1 r ( r+ 1.___~) 
1 (L~_ ~ ~)  1 [ r ( r -1 )  ] =V+~ c+ (~+1-V-1)+~ . ,+- - r -c '  (~+1-2~+~_1). 
(33) 
which is easily seen to be inconsistent with the linear convective-diffusion equation. 
(b) For the second case b, -- (r-t-2)p-{-[(r + 2)(r + 1)/2] c 2, the corresponding difference scheme 
is of the form 
~r~nj+l__rc(2r~j+ll_7~nj+11)+1[ r ( r+ l )  ] 4 ~ ~+- -5  - - c2  (~++~1-2~+1+~-+11) 
--7~j r+2 1 [ ( r+ l ) ( ,+2)  ] 
4 c(~+~-~_~)+~ (~+2)~+ 2 c 2 (~+i -2~+~_ i ) .  
(34) 
Scheme (34) may be considered as a generalization of the Lax-Wendroff scheme. From inequality 
(29d), the yon Neumann stability condition is given by 
[2~ -t- (r + 1) c 2] {1 - (r + 1)[2~ + (r -t- 1) c2]} ~ 0. 
The inequality (35) can be expressed in terms of At and Az as follows 
(i) r + 1 > 0 
lul 
(ii) r + 1 < 0 
(35) 
(36a) 
23' 
At_< ( r+ 1)[u[" (36b) 
In the limit N ---, co, the matrix stability region for scheme C34) can be found to be 
[2~ + (r + 1) c 2] 1 - (r + 1)[2~ + (r + 1) c 2] [..+(r+l)0~]. 
2 
Note that the eigenvalues approach the ratio: b, /a ,  - (r - t -  2 ) / r .  
}_>0 (37) 
THIRD ORDER F INITE D IFFERENCE SCHEMES 
To find third order accurate finite difference schemes, we seek the set of parameters aj, ad, ba 
and bd such that 
(i) ad - -  bd  - -  c (38a) 
(ii) (b, - a,) + (a~ - b~) = 2p (38b) 
(iii) (bd -- ad) -b 3(ada,  -- bdb,) -t- 2(b 3 - a 3) - 0 (38c) 
(iv) ( a,  - b.)Ca , -}- b. - 1) >_ O. (38d) 
10 Y.-K. KwoK 
We may use bd as the free parameter and express a,, ad and b, in terms of bd, c and p. Using 
Equations (38a)-(38c), we obtain 
a* = (½ + ~c2) + (~ +c) bd, 
b,= (3 + 2~'-3 c~) + (~-C) bd. 
(39a)  
(39b) 
From Equations (39a,39b) and (38d),we can express the yon Neumann stability condition as 
[(c2 - 2p) q- 2cbd] [ (3 c2 + 2P- 3) + ? ba ] >_0. (40) 
An obvious choice for bd is given by bd = 0 so that ad = c, a, = 1/3 + 2c2/3 and b, = 113 + 2p - 
c2/3. The corresponding finite difference scheme takes the form 
c 1 + 2c 2 
TL1)+ 6 F+I  + ~ (~:11 _ .+1 __  (~: :  _ 2F+l + ~:11) 
= 2~j + 1 + 6p - c 2 (2r~j+ 1 _ 2~ + Tjn__I) (41) 
6 
From inequality (40), the corresponding von Neumann stability requirement gives the following 
time step restriction (see Figure 3) 
~-~ (42) At < min , [u[ " 
At 
~,__.v , . ,2  ,., /~  t 
27 
u 2 
Figure 3. The yon Neumann stability region for third order scheme (41) represented 
in the At -~x  plane. 
Another possible choice for bd ---- 0 is given by bd = --c so that ad = 0, a ,  = 1 /3  --  2p  -- c~/3 
and b, = 1/3 + 2c2/3. The correponding finite difference scheme takes the form 
+ 1 - 6/, - c 2 
6 (F++'I - 2F+l  + ~-+1' ) 
c 1 +_ 2c2 T,~ 
= ~ - 5 (Tjn+I - 2~j-1) + 6- ( i+1 - 22~j + 2~j_1) (43) 
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Similarly, the corresponding von Neumann stability requirement gives the following time step 
restriction 
+ 
At < lul 
CONCLUSION 
A comprehensive and systematic method is developed to study the stability properties of second 
and third order two-level, six-point finite difference schemes (in particular, second order difference 
schemes of Padd type) for the constant coefficient linear convective-diffusion equation. There are 
two free parameters for second order schemes and only one free parameter for third order schemes. 
The von Neumann stability requirement for a second order or third order scheme can be deduced 
easily from the single inequality: (a, - b,)(a, + b, - 1) ~ 0. Some new second and third order 
six-point difference schemes for the approximation of the constant coefficient convective-diffusion 
equation are presented. 
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